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2, avenue van Becelaere
8-1170 Brussels, Belgium
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Abstract

A two-variable approach to the madel reduction
prosle~ with Hankel norm criterion is discussed. The
procle=~ is proved to be reducidle to obtain a two-
variatle all-pass rational function, interpolating aset
of para~etric values at specified points Inside theunit
circle. Apolynonial formulation and the properties of
the optiral Hankel norm approximations are then shown
to resuit directly from the general fornm of the solution
of :~e interpolation problem considered. As a conse-
Que-c2, the recursive Nevanlinna algorithm can be em
plosed an¢ the essential stability properties of the
301u2i9n can be established with the help of the
Neva-1iana ratrix [9]. This short paper is meant to
brief!v surmarize the work In the full paper [8], where
the reacar is referred to for more details.

Intrzzuction
SDefokrcion

I= 1971, Adamjan, Arov and Krein [} have obtained
various powerful results related to the theory of bounded
Ha=«2! operazors, which have great significance in the
roZel reduction problem. Although their somewhat ab-
stract original formulation in the framework of operator
tre3°y has beer hindering their fast dissemination into

t=2 ergineering ccmTunity, the importance of thiscontri-

bi’9n <as begur to be recognized. The relevance of {1}
tz 1~e ~ode! reduction problem was first mentioned by
K-=3 [2) in 1572, wnile some numerical aspects of the
Guzslion were putlished in [3]. 1a [4],[5), connections
te: .eer the minimal Hankel-norm approximations and the
Dais-ze2 szate-space realizations introduced by Moore
87t 1.3 irtc light and shown to lead to an optimal ap-
prss ~2tion algsrithm, requiring the solution of two
-3+ equations and a singular value decomposition.
7], ¥ung zcck 3 pure one-variable polynomial
© and proved that the optimal approximation prob-
ie” 13~ e reducec %0 2 simple generalized eigenvalue
fz-=. 2.'cn wnea tae zransfer function is available.

‘4= So- 23=igaal Approxiraticn

sreolem cf ratioral approximations in Hanke!-
te defirec as follows. Let a transfer function

“- 3 -esearch has teen supported by the U.S. Army Re-
1egei™ Office, Contract DAAG-29-79-C-0215, the Air
. Sffice of Scientific Research, A.F. Systems Com
-a-2, Contract AF and the National
.2 z°z# Foundation under|Grant NSF-ENG-78-10003 and

St NSFENG-13-08513. G, 90- 776G - (-005 8

.e-2=21y on lcave at the Information $/sters Lado-
4 %, Stenfurd Unisersity, CA 9030).
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h(z) or equivalently its Impulse response be glven and
let g(z) be some rational approximation of h(z). Since
the coefficients of the impulse response of a stadle
linear system are the Markov parameters of its transfer
function, comparing two impulse responses amounts to
comparing two Hankel matrices; the MHankel norm s pre-
cisely the spectral norm of the difference of these two
mateices and it has a close relationship with other
conventional norms {6]). The problem of the optiral
approximations can then be stated in two different forms

te1,171,18):

a) fora preassigned tolerance, how to obtain a
minimal order approximation of h(z)

b) for a given order, how to obtain the mininal
norm approximation of h(z)

Clearly, the above two prodlems are intimately related.
It turns out that the problem of optimal approxi-

mations in Hankel norm can be globally approached and

solved via a two-variable polynomial formalism [8].

A. Two-Variable Polynomial Formulation

Let - h(z) = b(z)/a(z) be the original transfer
function of order m.

a(z) = 2"3(1/2)

= r{x,z), ®(X,2) be two two-variable polyno-
mials of degree n in z.

?(r,z) = z"?(r.il;) -

= € can be any constant of unit modulus.
and let us consider the following equation:
ab(z)r(d,z) - € 3(z)2(x,2) = v(2,2)a(z) m

The above equation clearly defines a linear system of
equations in the unknown coefficients of the polyno-
miats r(\,2) and w{X,z). 1t can be proved {B] thatits
minimal degree solution r(),z}, n(},z) enjoys the fol-
lowing properties. For any fixed real value of A and
with [r (A,2)/Ac(\,2))_ standing for the stadle projec-
tion of w(A,z)/Ar{X,2) (i.e., after delating its non-
strictly stable part),

a) [r(\,2)Ar(2,2)). is a minimal order approni-
wation of h{z), whose Hankel norm does not

exceed JA[77.

b) if A;:l is the (sol)m singular velue of the

Mankel matrix associated ui;? h(tl'lnd if one
has the strict inequality >

l‘_. sl *
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D a2l 2 Ca2)]. s the mininal

Hankel norm agoroxiration of order s of h(z)

and the value of the norm is precisely A ll'
s

8. Parometric Al)l-Pass Rational Interpolation

The above results can be easily proved with the
~elp of standard ratrix and polynomial techniques by a
~ere reformslation of the problem [B]. Let us indeed
rewrite (1) in the fallowing form:

A b(z} R0 ,2) _r(,z)alz) (2)
YOI T O )] r(.,z)a\z}

Llet us assume the z=ros of a(z) to be distinct (z,,2,,
cees2q) for the sake of brevity. With the notation

u, = b{z.)/3(z;!, solving (1) is clearly equivalent to
obtain the miniral degree function s{A,z)=e?{1,z)/r(},2)
interpolating the parametric values lu. at the points
2., l.e., 8(X,2.) = >y.,. As a matter of fact, the
latter problam 2an be solved [1],(5] by the so-called
Nevanlinna algorithm [5], which solves the interpolation
problea In a recursive way. As a result, the two-vari-
able polynomial r{l,z) can be corstructed recursively
and its stability properties irvestigated with the help
of the Nevanlinna ~atrix, classically associated with
the Nevanlinna algarizhm (3]. Fi~ally, the proof of the
minimal order and miaimal Mankel-norm properties of
[-(0,2)/Ar(X,2)]_ is completed from a direct link ex-
isting between the N2sanlinna ratrix and the singular
values of the Hankel -airix associated with h(z), (1],

(3].
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